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Abstract

Laminar forced flow and heat mass transfer in sinusoidal plate-fin small passages encountered in compact heat mass exchangers are
investigated. The duct is similar to a traditional plate-fin heat exchanger, but vapor-permeable materials like polymer membranes, paper,
and ceramics can be used as the duct materials so both sensible heat and moisture can be exchanged simultaneously. Heat conduction
and mass diffusion in the fins and heat and moisture convection in the fluid are analyzed simultaneously as a conjugate problem. Their
fully developed Nusselt and Sherwood numbers under various aspect ratios and fin conductance parameters are calculated. The results
found that though fins extend the heat transfer area, they are less effective compared to a traditional compact heat exchanger with metal
foils. Most unfortunately, fin efficiencies for moisture transfer are even much smaller than those for heat transfer due to the low fin mass
conductance parameters. For such heat mass exchangers, the use of fins can be regarded mostly as supporting materials, rather than as
mass intensification techniques.
� 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

In recent years, various techniques have been applied to
realize energy savings in buildings [1–3]. Among these
promising technologies, air-to-air compact heat mass
exchangers have been commercialized to recover both heat
and moisture from exhaust air from air-conditioned build-
ings. In emulating a traditional compact surface heat
exchanger, most of these products use plate-fin configura-
tions, due to the reason that they are simple, compact,
and mechanically strong even with very thin materials.
Besides, these heat mass exchangers are cheaper than con-
ventional metal heat exchangers since precious metal foils
are saved. Fig. 1(a) shows the photo of a core used in a
commercial heat mass exchanger. The structure, as shown
in Fig. 1(b), is just like a traditional plate-fin compact heat
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exchanger. However, to transfer both sensible heat and
moisture, some non-metal materials, like polymers, paper,
and ceramics, have been used in place of the metal foils
[4,5]. By this arrangement, water vapor can be transferred
through these materials from one air stream to the other.
For these exchangers, heat and mass transfer properties
in the plate-fin passages are the key parameters affecting
performance.

Plate-fin ducts with traditional well-conductive metal
walls have been studied by many authors. A comprehensive
review of the theoretical and experimental studies on fully
developed forced convection and heat transfer in ducts of
various cross sections up to the 1970s had been conducted
by Shah and London [6], and documented in several well-
known references [6–8]. Supplementary to these pioneering
works, studies on heat transfer and fluid flow in ducts of
other cross sections have been continued [9–11]. The results
have been regarded as the basic data for heat exchanger
design for these years. It should be noted that real fins have
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Nomenclature

a half duct height (m)
Ac cross-sectional area (m2)
At transfer area (m2)
b half duct width (m)
cp specific heat (kJ kg�1 K�1)
dh hydraulic diameter (m)
Dva vapor diffusivity in air (m2/s)
Dwf water diffusivity in fin material (m2/s)
f friction coefficient
h convective heat transfer coefficient

(kW m�2 K�1)
j Chilton-Colburn j factor
k mass transfer coefficient (m/s)
kp partition coefficient
L length (m)
Le Lewis number
M total moisture transfer (kg/s)
n number of channels for a flow
Nu Nusselt number
NuT Nusselt number for thermally fully developed

laminar flow with T condition
P pressure (Pa)
Pf perimeter of duct (m)
Pr Prandtl number
q heat flux (kW m�2)
Q total heat transfer (kW)
Re Reynolds number
RH relative humidity
Sc Schmidt number
Sh Sherwood number
Shx fully developed Sherwood number under uni-

form concentration condition
St Stanton number
T temperature (K)
u velocity (ms�1)

U velocity coefficient
V volumetric flow rate (m3/s)
W water uptake (kg moisture/kg material)
x, y dimensional transversal coordinates (m)
z axial coordinate (m)

Greek symbols

d fin thickness (m)
q density (kg m�3)
h dimensionless temperature
l dynamic viscosity (kg m�1 s�1)
X conductance parameter
w correction factor of temperature or humidity

difference for cross flow
k heat conductivity (kW m�1 K�1)
gfin fin efficiency
n dimensionless humidity
x humidity ratio (kg vapor/kg dry air)

Superscript
* dimensionless

Subscripts

a air
b bulk
e exhaust air
f fin, fresh air
i inlet
L local, lower surface, moisture (latent heat)
m mean
s sensible heat
tot total
u upper surface
w wall
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limited conductance, which may comprise fin efficiencies.
The effects of finite fin conductance on heat transfer have
been investigated by several authors. Baliga and Azrak
[12] carried out a numerical investigation of the forced con-
vection and heat transfer in a triangular plate-fin duct.
Heat conduction in the fin and forced convection in the
fluid for both hydrodynamically and thermally fully devel-
oped flow were solved as a conjugate problem. The fin con-
ductance parameters varied from 1.0 to infinitely large. To
extend the studies to non-metal materials which have lower
fin heat conductance parameters, in a recent work, the cur-
rent author [13] investigated the developing and fully devel-
oped Nusselt numbers in a plate-fin triangular duct for fin
conductance parameters from 0 to infinitely large, while
considering thermal entry problems. Problems of the effects
of finite fin conductance on heat transfer in other cross-sec-
tional plate-fin ducts have not been addressed yet.
Besides heat transfer coefficients, to properly evaluate
the heat mass exchanger performance, mass transfer coeffi-
cients are equally important. However, there has been no
mention in this respect in literature up until now. Tradi-
tionally, mass transfer coefficients in a common pipe are
obtained from heat transfer coefficients by heat mass trans-
fer analogies, of which the most frequently cited one is the
Chilton-Colburn Analogy [14]. According to this method-
ology, following equations can be used to estimate convec-
tive mass transfer coefficients in a pipe:

js ¼ jL ð1Þ

The Chilton-Colburn j factor for heat transfer [14]

js ¼ StsPr2=3 ð2Þ

where Pr is the Prandtl number of air. Stanton number for
heat transfer



Fig. 1. Photo and schematic view of the core of a commercial plate-fin heat mass exchanger. (a) Photo of the core; (b) schematic of the duct.
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Sts ¼
h

qacpu
ð3Þ

where h is convective heat transfer coefficients (kW m�2

K�1), u is air stream bulk velocity (m/s), cp is specific heat
(kJ kg�1 K�1), qa is dry air density (kg m�3).

The convective heat transfer coefficient is also repre-
sented by a Nusselt number

Nu ¼ hdh

k
ð4Þ

where dh is the hydrodynamic diameter of the channel (m),
k is thermal conductivity (kW m�1 K�1).

The Chilton-Colburn j factor for mass transfer

jL ¼ StLSc2=3 ð5Þ
where Sc is the Schmidt number of moisture air. Stanton
number for mass transfer

StL ¼
k

qau
ð6Þ

where k is convective mass transfer coefficient (m/s).
Mass transfer in boundary layers is also described by a

Sherwood number

Sh ¼ kdh

Dva

ð7Þ

where Dva is vapor diffusivity in air (m2/s). Substituting Eq.
(2)–(7) into (1), a relation can be obtained

Sh ¼ Nu � Le�1=3 ð8Þ

Le ¼ Pr
Sc

ð9Þ
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where Le is commonly called the Lewis number. For venti-
lation air and vapor mixture, which is always near atmo-
spheric states, the Lewis number varies in the range of
1.19–1.22 [15], therefore it is usually approximate that
Sh = Nu.

If above analogy still holds in our case, then the estima-
tion of convective mass transfer coefficients would be sim-
ple. However, in plate-fin ducts used for non-metal heat
mass exchanger, the fin conductance parameters for heat
and mass transfer are so different that it is questionable
that such an analogy still exists. It is therefore imperative
to obtain the convective mass transfer coefficients and find
the relations between the heat and mass transfer in such
plate-fin ducts. This will be the objective of this research.

2. Governing equations

2.1. Momentum transfer

Sinusoidal duct is one of the most frequently used duct
cross sections for plate-fin exchanger design. Fig. 2 shows
the representing geometries for a duct: duct height 2a;
width 2b; duct length, L; aspect ratio a/b. The duct is com-
prised of lower plate AC, and two sinusoidal fins AD and
DC. The coordinate system for the two fins is s and y1,
which is tangential and normal to the fins, respectively.
Their directions change from point to pint along the curved
fins. Fin curve can be expressed as a sinusoidal function

y ¼ a 1� cos
p
b

x
� �h i

ð10Þ

The flow in the duct is considered to be laminar and
hydrodynamically fully developed, but thermally and mass
developing in the entrance region of the duct. The fluid is
Newtonian with constant physical properties. Additionally,
uniform plate temperature and uniform plate concentra-
tion boundary conditions are considered.

For fully developed laminar flow in ducts, the Navier–
Stokes equations reduce to [14]

l
o

2u
ox2
þ o

2u
oy2

� �
¼ dP

dz
ð11Þ

where l is dynamic viscosity (Pa s), P is the pressure (Pa), z

is the axial coordinate (m).
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Fig. 2. Geometries of a plate-fin sinusoidal duct.
The above equation can be normalized to

o2u�

ox�2
þ b

a

� �2
o2u�

oy�2
þ 4b2

d2
h

¼ 0 ð12Þ

with a dimensionless velocity

u� ¼ � lu

ðdP=dzÞd2
h

ð13Þ

where hydraulic diameter

dh ¼
4Ac

P f

ð14Þ

where Ac is the cross-section area of the duct (m2), Pf is the
perimeter of the duct (m).

Dimensionless coordinates are defined by

x� ¼ x
2b

ð15Þ

y� ¼ y
2a

ð16Þ

The characteristics of fluid flow in the duct can be rep-
resented by the product of the friction coefficient and the
Reynolds number as

ðfReÞ ¼ �
dh

dP
dz

2qu2
m

� �
qumdh

l

� �
¼ 1

2u�m
ð17Þ

where u�m is the average dimensionless velocity on a cross
section, and it is calculated by

u�m ¼
R R

u�dA
Ac

ð18Þ
2.2. Heat transfer

2.2.1. Air stream

Energy conservation in the fluid can be expressed by [14]

qacpu
oT
oz
¼ k

o
2T

ox2
þ o

2T
oy2

� �
ð19Þ

where T is fluid temperature (K).
The above equation can be normalized to

U
oh
oz�
¼ o

2h
ox�2
þ b

a

� �2
o

2h
oy�2

ð20Þ

with a dimensionless temperature

h ¼ T � T w

T i � T w

ð21Þ

where in the equations, Ti is the inlet temperature of the
fluid, and Tw is the wall temperature. Dimensionless axial
position is defined by

z� ¼ z
dhRePr

ð22Þ

Velocity coefficient U is defined by

U ¼ u�

u�m

4b2

d2
h

ð23Þ



622 L.-Z. Zhang / International Journal of Heat and Mass Transfer 51 (2008) 618–629
Dimensionless bulk temperature

hb ¼
R R

u�hdAR R
u�dA

ð24Þ

An energy balance in a control volume in the duct [14]
will give the equation for estimation of the local Nusselt
number as

NuL ¼ �
1

4hb

dhb

dz�
ð25Þ

and the mean Nusselt number from z* = 0 to z* by

Num ¼ �
1

4z�
ln hb ð26Þ
2.2.2. Fins

At any location along the fin, there is a balance between
the net conduction along the fin and the heat transfer from
the surface of the fin to the fluid. Heat transfer in fin is gov-
erned by the following one-dimensional model [12,13]:

kfd
d2T f

ds2
¼ qu þ qL ð27Þ

qu ¼ �k
oT
oy1

� �
u

ð28Þ

qL ¼ k
oT
oy1

� �
L

ð29Þ

where kf is fin conductivity and k is air conductivity,
(oT/oy1) is the normal gradient of fluid temperature on
the lower or upper surface of fin. The heat flux at the lower
surface and the upper surface are skew symmetric [12,13],
as schematically depicted in Fig. 3. The relation is mathe-
matically expressed by

qujs ¼ �qLjLf�s ð30Þ

where Lf is the length of a single curved fin AD.
Eqs. (27)–(30) can be combined and normalized to

Xs

d2hf

ds�2
¼ � oh

oy�1

� �
s�
� oh

oy�1

� �
L�

f
�s�

ð31Þ
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Fig. 3. Skew-symmetric heat and mass flux distributions on the upper and
lower fin fluid interfaces.
where Xs is a dimensionless parameter named fin heat con-
ductance parameter. It is defined by

Xs ¼
kfd

kð2aÞ ð32Þ

where dimensionless fin temperature

hf ¼
T f � T w

T i � T w

ð33Þ

and dimensionless coordinates

s� ¼ s
2a

ð34Þ

y�1 ¼
y1

2a
ð35Þ

L�f ¼
Lf

2a
ð36Þ
2.3. Mass transfer

Air travels in the duct while exchanging moisture with
duct walls. Mass conservation in the air stream can be
expressed by

u
ox
oz
¼ Dva

o
2x

ox2
þ o

2x
oy2

� �
ð37Þ

where x is humidity ratio of air (kg vapor/kg dry air).
The above equation can be normalized to

U
on
oz�
¼ o2n

ox�2
þ b

a

� �2
o2n
oy�2

ð38Þ

where dimensionless humidity ratio

n ¼ x� xw

xi � xw

ð39Þ

where in the equations, xi is the inlet air humidity, and xw

is the humidity on wall surface.
Dimensionless bulk humidity

nb ¼
R R

u�ndAR R
u�dA

ð40Þ

Similarly, a mass balance in a control volume in the duct
will give the equation for estimation of the local Sherwood
number as

ShL ¼ �
1

4nb

dnb

dz�
ð41Þ

and the mean Sherwood number from z* = 0 to z* by

Shm ¼ �
1

4z�
ln nb ð42Þ

Similar to heat conduction in the fin, at any location,
there is a mass balance between the net water diffusion
along the fin and the mass transfer from the surface of
the fin to the fluid. The phenomenon is expressed by
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Dwfqfd
d2W
ds2
¼ mu þ mL ð43Þ

mu ¼ �Dvaqa

ox
oy1

� �
u

ð44Þ

mL ¼ Dvaqa

ox
oy1

� �
L

ð45Þ

where Dwf is diffusivity of water in fin materials (m2/s); qf is
density of fin materials (kg/m3); W is water content in fin
materials (kg water/kg dry material); mu is moisture flux
from upper surface of fin, and mL is moisture flux from
lower surface. (ox/oy1) is the normal gradient of vapor
concentration on the lower or upper surface of fin. Due
to symmetry, the mass flux at the lower surface and the
upper surface are also skew symmetric. The relation is
mathematically expressed by

mujs ¼ �mLjLf�s ð46Þ

Water uptake in a hygroscopic material is a function of
air relative humidity. Fig. 4 shows the measured sorption
isotherm of the material used for the investigated heat mass
exchanger [16]. The discrete dots are the measured data
with a thermo-hygrostat. A polynomial curve can be
regressed to represent this isotherm from 0% to 100%
RH. The relation between RH and humidity ratio is

RH ¼ 10�6e5294=T x ð47Þ
The temperature differences between two surfaces of a

fin are quite small due to the small fin thickness [16]. For
air conditioning industry, heat mass exchanger always
works between 40%RH and 80%RH. Considering these
factors, the relative humidity can be a linear expression
of humidity ratio, and the sorption isotherm for the mate-
rial can also be approximated by a linear equation as

W ¼ kpx ð48Þ
where kp is defined as the partition coefficient.
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Fig. 4. Sorption isotherm for the core material in heat mass exchanger.
Substituting Eqs. (44)–(48) to (43) following dimension-
less equation can be found:

XL
d2nf

ds�2
¼ � on

oy�1

� �
s�
� on

oy�1

� �
L�

f
�s�

ð49Þ

where XL is defined as the dimensionless fin mass conduc-
tance parameter. It is calculated by

XL ¼
dqfDwfkp

qaDvað2aÞ ð50Þ

where dimensionless humidity ratio in fins

nf ¼
xf � xw

xi � xw

ð51Þ

It can be found that Eqs. (38) and (49) are in the same
forms as Eqs. (20) and (31), respectively. Therefore, the
solution of dimensionless humidity ratio can be an analogy
to the solution of dimensionless temperature, if the fin mass
conductance parameters are the same values as the fin heat
conductance parameters. In other words, the solution of
dimensionless humidity is the same as the dimensionless
temperature, if assuming same values of heat and mass
fin conductance parameters. Consequently, it is only neces-
sary to solve either the heat transfer equations or the mass
transfer equations.

2.4. Boundary conditions

The boundary conditions for fluid

u� ¼ 0; on all the walls of the duct ð52Þ
h ¼ 0 and n ¼ 0; at y� ¼ 0 ð53Þ

Inlet condition

h ¼ 1 and n ¼ 1; at z� ¼ 0 ð54Þ

The boundary conditions for fins

hf ¼ 0 and nf ¼ 0 at s� ¼ 0; L�f ð55Þ

Fin–fluid coupling:

hf ¼ h and nf ¼ n at fin–fluid interfaces ð56Þ
3. Numerical solution

3.1. Solution procedure

The duct geometry is a sinusoidal one. For such non-
rectangular shapes, a boundary-fitted coordinate transfor-
mation technique is used to transfer the irregular physical
domain to a square computational domain. The basic idea
of the boundary-fitted coordinate system is to have a coor-
dinate system such that the body contour coincides with
the coordinate lines. The transformation between the phys-
ical coordinates and the boundary-fitted coordinates,
which is usually a square domain, is achieved by solving
two Poisson equations on physical domain. For a detailed
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introduction of a boundary-fitted coordinate system, please
see Refs. [17,18].

The resulting grid constructions for the duct are shown in
Fig. 5. To account for the drastic variations of temperature
and mass concentration at duct inlet, grids are dense near
inlet, while sparsely populated after thermal entry length.

When these mesh generations are completed, the gov-
erning differential equations (12), (20) and (31) were trans-
formed from the original physical domain to the generated
boundary fitted coordinate system. Then they were reduced
to a set of algebraic equation systems, which can be solved
by ADI techniques [13,19]. It is clear that iteration is
needed to obtain the solution. In each direction, a tri-diag-
onal matrix is solved, by treating the non-linear cross-
derivative, as a source term and using its values of last
iteration. Although momentum equation in the finite differ-
ence form is solved only in two directions for the determi-
nation of the velocity distribution, the energy and mass
equations must be solved at every step change in the flow
direction to determine the temperature and concentration
distribution. The proposed finite difference schemes are
implicit numerical schemes.

After the solution of fluid velocity, temperatures in fluid
and on two fins are solved on the generated grids, taking
the current fluid temperature as the default boundary con-
ditions. The whole calculating procedure can be summa-
rized as the following:
z*

s*

0 0.05 0.1 0.15
0

0.5

1

1.5

Fig. 5. Grid configurations for the duct. (a) Cross section, (b) duct length.
(a) Grid generation for both the fluid and the fins.
(b) Solve momentum equation (12). Get the velocity

fields and resistance data for the duct.
(c) Assume initial temperature fields in the fluid.
(d) Taking current fluid temperature as the boundary

conditions for fins. Get the temperature fields on
two fins, by the solution of Eq. (31).

(e) Taking the current values of temperature on fins as
the default values, get the temperature profiles in
the fluid by solving Eq. (20).

(f) Go to (d), until the old values and the newly calcu-
lated values of temperature at all calculating nodes
are converged.

As seen, the solution of velocity is only executed once
before the calculation of temperature. After these proce-
dures, all the governing equations are satisfied simulta-
neously. Then the local and mean Nusselt numbers are
calculated. For mass transfer properties, if assuming XL

is the same value as Xs, ShL will equal to NuL. Correspond-
ingly, the fully developed Sherwood number under uniform
concentration boundary conditions Shx is equal to NuT.

4. Results and discussion

4.1. Numerical validation

To assure the accuracy of the results presented, a grid
independence test was performed for the duct to determine
the effects of the grid size. It indicates that 21 � 21 grids on
duct cross section and Dz* = 0.001 axially are adequate
(less than 0.1% difference compared with 31 � 31 grids
and Dz* = 0.0005).

To further validate the numerical program, ordinary
ducts of various cross sections are calculated under uni-
form temperature conditions for all walls. Namely, ducts
with ideal well-conductive fins are considered first. For
hydrodynamically fully developed laminar flow in ducts,
(fRe) is a constant. The local Nusselt numbers in the duct
will decrease along the flow and reach stable values when
the flow is thermally fully developed. The fully developed
Nu values under uniform temperature conditions are
denoted as NuT. The calculated values of (fRe) and NuT

for these ordinary ducts are listed in Table 1. Comparisons
are made with the values form well-known references
[6–11]. As seen, the current study predicts the flow and heat
transfer well. They are in accordance with the published
data. Maximum uncertainty is less than 5%.

4.2. Flow and temperature fields

After the program is validated, sinusoidal ducts with
one plate of uniform temperature and two fins coupling
with fluid, as shown in Fig. 2, are modeled. Velocity and
temperature fields in the fluid are obtained. Fig. 6 shows
the velocity profile distribution on the duct cross section
for a/b = 0.5. The values in the figure are dimensionless



Table 1
Fully developed (fRe) and Nusselt numbers for common ducts of various cross sections

Cross sections (fRe) NuT

Refs. [3–5] This study Error (%) Refs. [3–5] This study Error (%)
Circular 16.0 15.86 0.8 3.657 3.68 0.6

Rectangular a/b 0.125 20.5 20.32 0.9 5.60 5.73 2.3
0.25 18.25 18.14 0.6 4.44 4.55 2.5
0.5 15.50 15.30 1.3 3.39 3.45 1.8
1.0 14.227 14.01 1.5 2.976 3.06 2.8

Isosceles triangular a/b 0.289 13.243 12.87 2.8 2.301 2.262 1.7
0.5 13.301 12.91 2.9 2.359 2.451 3.9
0.866 13.321 13.39 0.5 2.500 2.596 3.7
1.866 13.09 12.96 1.0 2.284 2.391 4.7

Sine a/b 0.5 11.207 11.170 0.4 2.12 2.181 2.8
0.75 12.234 12.213 0.2 2.33 2.372 1.7
1.0 13.003 12.964 0.3 2.45 2.521 2.9
1.5 14.002 14.115 0.8 2.6 2.573 1.1
2.0 14.553 14.648 0.7 – 2.888 –
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velocity u*. As seen, in the center, the contours are near-cir-
cular, but in places near the boundaries, they are near-tri-
angles. In the corners, there are dead spaces with little
fluid flowing which will affect heat transfer finally. The flow
shows a same pattern as that of a common sinusoidal duct.

The dimensionless temperature profiles in the fluid are
shown in Figs. 7 and 8 for Xs = 0.5 and 0.1, respectively.
As seen, at higher fin heat conductance parameters, the
temperature contours are more similar to those in ducts
with three walls of uniform temperature. At lower fin con-
ductance parameters, temperature contours show in major-
ity a pattern of straight lines parallel to the plate, which is
similar to temperature profiles in parallel-plates ducts.
Besides, in the center, isotherms are in elliptical shapes.
When Xs increases, the contours transform from parallel
horizontal lines to circles, implicating increased heat trans-
fer from fins to fluid.
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Fig. 6. Dimensionless velocity profiles (u*) on duct cross section,
a/b = 0.5.
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Fig. 7. Dimensionless temperature contours on duct cross section at
z* = 0.1 for a/b = 0.5 and Xs = 0.5.
Dimensionless temperature profiles on the fins are
shown in Figs. 9 and 10 for Xs = 0.5 and 0.1, respectively.
Temperatures at locations where fins connect with plate are
equal to the plate temperature. Temperatures at other loca-
tions vary with fin heat conductance parameters. The
higher the fin heat conductance parameters, the more
homogeneous the temperature distributions on fins are.
The lower the fin heat conductance parameters, the less
heat transferred from fins to fluid. The isotherms on fins
show a skew symmetric behavior as expected.
4.3. Nusselt and Sherwood numbers

Once the temperature fields in fluid has been deter-
mined, the dimensionless bulk temperature, the local
Nusselt numbers, and the mean Nusselt numbers can be



0 018 0 018

0.018 0.018

0 038 0.038

0.038 0.038

0.051 0.051

0.051 0.051

0.077 0.077

0.077 0.077

0.103 0.103 0.103

0.103 0.103

0.154 0.154

0.154 0.154

0.206 0.206

0.206 0.206

0.257 0.257

0.257 0.257

0.309 0.309

0.309 0.309

0.360
0.360

0.360
0.360

.411
0.411

0.411

0.411
0.411

0.463
0.463

0.463
0.463

0.
51

4

0.514
0.514

0 514

0.514
0.514

0.566
0.566

0.566
0.566

0.617
0.617

0.617

0.617
0.617

0.669

0.669

0.669

0.669

.7
20

0.720

0.720

0.720

0.720

0.771

0.771

0.771

z*

s*

0 0.05 0.1 0.15
0

0.5

1

1.5

Fig. 10. Dimensionless temperature contours on fins for ducts of a/b = 0.5
and Xs = 0.1.

z*

N
u L

0 0.025 0.05 0.075 0.1
0

1

2

3

4

5

6

Ω s=10
Ω s=5
Ω s=0.5
Ω s=0.1

z*

N
u L

0 0.025 0.05 0.075 0.1
0

1

2

3

4

5

6

Ω s=10
Ω s=5
Ω s=0.5
Ω s=0.1

Fig. 11. Variations of NuL along flow axis for a/b = 0.5 with different fin
heat conductance parameters.

0 018 0 018

0.018 0.018 0.018

0.038 0.038

0.038 0.038

0 051 0.051 0.051

0.051 0.051

0.077 0.077 0.077

0.077 0.077

0.103 0.103

0.103 0.103

0.154 0.154

154
0.154 0.154

0.206
0.206

0.206

0.206
0.206

0.257
0.257

0.257
0.257

0.309
0.309

0.309

0.309
0.309

0.360
0.360

0.360

0.360

0.360
0.360

0.411
0.411

0.411
0.411

0.463

0.463

0.463

0.463

0.514

0.514

0.514

0.514

0.
56

6

0.566

0.566

0.566

0.617

0.617

0.669

0.669

0.720

0.720

0.771

z*

s*

0 0.05 0.1 0.15
0

0.5

1

1.5

Fig. 9. Dimensionless temperature contours on fins for ducts of a/b = 0.5
and Xs = 0.5.

0.050 0.050

0.050

0.099 0.099
0.149 0.1490.198 0.198

0.198

0.248

0.248

0.297
0.347 0.3470.396

0.446
0.495

0.495

0.545

0.545

0.545

0.595

0.595

0.644

0.644

0.694

0.694

0.694

0.743

0.743

x*

y*

0 0.25 0.5 0.75 1
0

0.25

0.5

0.75

1

Fig. 8. Dimensionless temperature contours on duct cross section at
z* = 0.1 for a/b = 0.5 and Xs = 0.1.

626 L.-Z. Zhang / International Journal of Heat and Mass Transfer 51 (2008) 618–629
calculated. Fig. 11 shows the axial variations of local Nus-
selt numbers with different fin heat conductance parame-
ters. The axial position z* is a dimensionless parameter
reflecting duct length, diameter, Reynolds numbers and
Prandtl numbers, as defined by Eq. (22). The local Nusselt
number decreases from a high value at inlet, then it comes
to a stable value NuT. This fully developed value varies
with apex angles and fin conductance parameters. The
higher the fin heat conductance parameters, the higher
the NuT. After z* is greater than 0.05, the flow can be con-
sidered fully developed.

Fin efficiency for heat transfer is defined as the ratio of
NuT at a finite fin heat conductance to that at Xs =1, or

gfin ¼
NuT ;Xs

NuT ;Xs¼1
ð57Þ

Fin efficiency for mass transfer is defined as the ratio of
Shx at a finite fin mass conductance to that at XL =1, or

gfin ¼
Shx;XL

Shx;XL¼1
ð58Þ

As the mass transfer equations are in the same forms as
the heat transfer equations, fin efficiency for mass transfer
will equal to that for heat transfer, if the fin mass conduc-
tance parameter is equal to the fin heat conductance
parameter.

Table 2 lists the calculated NuT and/or Shx and fin effi-
ciencies for various aspect ratios and fin conductance
parameters. They are the basic data that can be used for
compact heat exchanger or heat mass exchanger design.
4.4. Experimental analysis

It is difficult to directly measure the local Nusselt num-
bers in the small channels. Instead, the inlet and outlet tem-
peratures and humidities to and from the exchanger can be
easily monitored. At this step, the mean Nusselt numbers



Table 2
Fully developed Nusselt/Sherwood numbers and fin efficiencies for plate-
fin sinusoidal ducts of various aspect ratios

a/b Xs NuT gfin a/b Xs NuT gfin

XL Shx XL Shx

0.2 1 1.551 1.0 0.5 1 2.181 1.0
25 1.523 0.982 25 2.133 0.978
10 1.201 0.774 10 2.107 0.966
5 1.033 0.666 5 1.908 0.875
2 0.863 0.556 2 1.524 0.699
1 0.791 0.510 1 1.260 0.578
0.5 0.739 0.476 0.5 1.055 0.484
0.1 0.694 0.447 0.1 0.824 0.378
0 0.641 0.413 0 0.737 0.338

1.0 1 2.521 1.0 2.0 1 2.888 1.0
25 2.492 0.988 25 2.714 0.940
10 2.369 0.940 10 2.651 0.918
5 2.167 0.860 5 1.922 0.666
2 1.721 0.683 2 1.511 0.523
1 1.379 0.547 1 1.194 0.413
0.5 1.081 0.429 0.5 0.926 0.321
0.1 0.751 0.298 0.1 0.631 0.218
0 0.576 0.228 0 0.358 0.124

5.0 1 2.586 1.0 5.0 1 1.015 0.392
25 2.390 0.924 0.5 0.833 0.322
10 2.170 0.839 0.1 0.661 0.256
5 1.654 0.640 0 0.173 0.067
2 1.274 0.493
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for the whole heat mass exchanger can be estimated. A sim-
ple test rig incorporating the core shown in Fig. 1(a) is set
up. The test rig is shown in Fig. 12. Two air streams, rep-
resenting fresh air and exhaust air, respectively, flow
through the channels in the core while exchanging heat
and moisture. Before they flow into the exchanger, their
temperatures and humidities are adjusted to the desired
set points. The air flow rates are controlled by the blowers
and monitored by two flow meters. Equal air flow rates for
the two streams are kept and heat mass balances are
Blower

Humidifier

Heater Cooler

Temperature Humidity sens

Exhaust in

Fresh out

Blower

Humidifier

Heater Cooler

Temperature Humidity sens

Exhaust in

Fresh out

Fig. 12. Experim
checked. The uncertainties are: temperature ±0.1 �C;
humidity ±1%; volumetric flow rate ±0.5%.

The heat exchanged

Q ¼ qaVcpðT fi � T foÞ ¼ qaVcpðT eo � T eiÞ ð59Þ
where V is volumetric flow rate (m3/s). The total heat trans-
fer coefficient is calculated by

htot ¼
Q

AtnDT lg

ð60Þ

where At is the transfer area of a single channel (m), n is the
number of channels for each stream, DTlg is the log mean
temperature difference between two streams (K), it is calcu-
lated by

DT lg ¼ ws

ðT fi � T eoÞ � ðT fo � T eiÞ
ln ðT fi�T eoÞ
ðT fo�T eiÞ

ð61Þ

where ws is a correction factor of temperature difference for
cross flow. Its specific value, which in this case is around
0.7–0.8, can be found graphically from [7].

The total heat transfer resistance includes the convective
heat transfer resistance on both sides and the membrane
itself, namely

1

htot

¼ 2

h
þ d

kf

ð62Þ

From above equation, the convective heat transfer coef-
ficient on each side h can be calculated. Then the mean
Nusselt number for a single channel can be obtained from
Eq. (4). This is the experimentally obtained Nusselt
number.

Similarly, moisture transferred

M ¼ qaV ðxfi � xfoÞ ¼ qaVcpðxeo � xeiÞ ð63Þ

ktot ¼
M

AtnDxlg

ð64Þ

where Dxlg is the log mean humidity difference between
two streams (kg/kg), it is calculated by
Blower

Heater

or

Flow meter

Exhaust out

Fresh in

Heat Mass Exchanger

Blower

Heater

or

Flow meter

Exhaust out

Fresh in

Heat Mass Exchanger

ental set-up.



Table 4
Values of fin heat conductance parameter for some fin materials with duct
height, 2 mm; aspect ratio 0.5, fin thickness, 0.1 mm; fluid, air

Fin materials kf (W m�1 K�1) Xs

Pure copper 401 751.00
Bronze 52 97.40
Iron 80.2 150.20
Steel 60.5 113.30
Aluminium 237 443.90
Carbon 1.6 3.00
Plywood 0.12 0.22
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Dxlg ¼ wL

ðxfi � xeoÞ � ðxfo � xeiÞ
ln ðxfi�xeoÞ
ðxfo�xeiÞ

ð65Þ

where wL is a correction factor of mass difference for cross
flow. The total moisture transfer resistance includes the
convective mass transfer resistance on both sides and the
membrane itself, namely

1

ktot

¼ 2

k
þ qa

qf

� d
Dwf

ð66Þ

From above equation, the convective mass transfer
coefficient k can be calculated. Then the mean Sherwood
number can be obtained from Eq. (7). This value is the
experimentally obtained Sherwood number.

The geometries of the core tested are: duct height, 2 mm;
aspect ratio 0.5; fin thickness, 0.1 mm; n = 82 (rows) � 74
(ducts per row); duct length, 15 cm. The operating condi-
tions are: V = 0.02–0.07 m3/s; fresh air inlet set points,
35 �C, and 60%RH; exhaust air inlet set points, 25 �C,
and 50%RH. The properties for material are measured in
the laboratory in a separate study: kp = 10.6; Dwf =
4.5 � 10�11 m2/s; kf = 0.32 W m�1 K�1; qf = 836 kg/m3.
With these parameters, the calculated fin heat conductance
parameter Xs is 0.61, and the mass conductance parameter
XL is nearly 0 (exact value is 5.8 � 10�4). The experimen-
tally obtained Nusselt and Sherwood numbers for different
flow rates are listed in Table 3 and compared with the
numerically obtained mean values.

As seen, in the experiment, the z* at the end of the duct is
far larger than 0.05, therefore the flow is fully developed and
the thermal entry influences are small. The mean Nusselt and
Sherwood numbers are approximately equal to their fully
developed values. The higher the air flow rates are, the longer
the thermal entry length is, and the higher the mean Nusselt
and Sherwood numbers are, because heat mass transfer coef-
ficients are larger at inlets. The experiments underestimate
the performance by around 10%, due to heat loses through
surroundings and mass permeation through pinholes in the
core, especially at low flow rates. Generally, the obtained
experimental values are in accordance with the numerical val-
ues. This is another validation of the program.
Wood 0.16 0.30
Clay 1.3 2.43
Glass 1.4 2.66
Paper 0.18 0.34
Teflon 0.35 0.66
Polymer membrane 0.13 0.24
4.5. Comparisons of heat and mass transfer

As defined by Eqs. (32) and (50), fin heat conductance
parameters are determined by duct geometry and heat con-
Table 3
Comparisons of duct mean Nusselt and Sherwood numbers, experimentally a

V (m3/s) Re z* Num

Experimental

0.023 102.3 1.28 1.01
0.034 151.8 0.86 1.13
0.046 205.7 0.64 1.18
0.052 232.1 0.56 1.23
0.061 272.8 0.48 1.25
0.068 303.6 0.43 1.29
ductivity of fin materials. Table 4 lists the values of fin heat
conductance parameters for some frequently encountered
materials, including metal and non-metals, for a sinusoidal
duct of height 2 mm, aspect ratio 0.5, and fin thickness
0.1 mm, as mentioned above. As seen, for almost all the
metals, the fin heat conductance parameters are larger than
100, and the resulting fin heat efficiencies can be as high as
0.90–0.98. For such traditional metal compact heat
exchangers, the influences of finite fin heat conductance
on heat transfer are negligible. Direct utilization of heat
transfer properties for a common duct is acceptable. For
the recently commercialized compact heat mass exchangers
which use non-metals to simultaneously transfer heat and
moisture, the fin heat conductance parameters are usually
less than 1.0, and the resulting fin efficiencies for heat trans-
fer can be as low as 0.40. Though it is true that the fins still
participate in the heat transfer enhancement, at least par-
tially, at this stage, the effects of finite fin heat conductance
on heat transfer will be substantial.

Similarly, as defined by Eq. (50), fin mass conductance
parameters are determined by duct geometry and mass dif-
fusivity of moisture in fin materials. Moisture diffusivity in
air is around 2.5 � 10�5 m2/s [15]. Besides the test data in
our experiment for the core material, a literature review
found that moisture diffusivities in most non-metal hygro-
scopic materials are in or less than the order of 10�10 m2/
s. For example, water diffusivities are from 0.5 � 10�12 to
1.5 � 10�12 m2/s in a PSS-Na/Al2O3 composite silicate
[20]; from 8.0 � 10�10 m2/s to 5.0 � 10�12 m2/s in a Nafion
polymer membrane [21]; and from 1.0 � 10�13 m2/s to
nd numerically obtained

Shm

Numerical Experimental Numerical

1.13 0.703 0.738
1.20 0.721 0.741
1.23 0.756 0.767
1.27 0.771 0.794
1.32 0.811 0.832
1.34 0.842 0.863
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1.0 � 10�12 m2/s in a methylcellulose film [22]. The densities
of these materials are in the order of 1000 kg/m3. The par-
tition coefficients are in the order of 10, or 15–20% water
uptake under 60% RH. Based on these properties, the val-
ues of fin mass conductance parameters are in the order
of 10�3. With such low mass conductance parameters, the
fin efficiencies for mass transfer will be below 0.1–0.2.
Under such circumstances, nearly all the mass transfer
between the two air streams will be accomplished by the
plate, rather than by the fins. The fins seem to behave only
like supporting materials, if excluding their role in partial
participation in heat transfer. In engineering, sometimes
supporting materials or spacers are necessary to separate
the two streams because the plates are thin and soft.

In designing novel heat mass exchangers, it is simple to
emulate a common compact heat exchanger with such a
plate-fin configuration. However, the effectiveness of fins
on heat transfer will be strongly compromised. Even worse,
it has little use in enhancing mass transfer. Consequently,
novel configurations such as the so-called cross-corrugated
triangular ducts may provide a promising choice [23,24],
since in this concept the two fluids directly exchange heat
and moisture through all the three walls, in addition to
intensification by flow turbulence.

5. Conclusions

For almost all the metal materials, the fin efficiencies for
heat transfer can be as high as 0.90–0.98. The influences of
finite fin heat conductance on heat transfer are negligible.
However, for non-metal materials used in the novel heat
mass exchanger, the fin efficiencies for heat transfer can
be as low as 0.40. At this stage, the effects of finite fin con-
ductance on heat transfer will be substantial.

The mass transfer equations can be expressed in the
same forms as the heat transfer equations in a plate-fin heat
mass exchanger. However, due to the large differences in
values of heat and mass conductance parameters, a simple
heat mass analogy which is apt to a common pipe fails to
predict the mass transfer performance. Sherwood numbers
in the plate-fin ducts are much smaller than the Nusselt
numbers. This implicates that though it is simple in emulat-
ing a traditional compact heat exchanger, this structure is
not an ideal configuration for heat mass exchanger, espe-
cially from the perspective of mass transfer.
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